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Abstract. In this paper we study options on a unit-type closed-end investment fund.
These options are included among the exotic options, because the underlying asset of
the options is the value process of the investment fund and therefore depends on a fund
manager (= an option writer)’s action. We prove that a fair price of such option is repre-
sented as the value function of the associated stochastic exit time control problem. Using
Hajek’s mean comparison theorem, we find an explicit form of the fair option premium
in the case of a constant volatility. We also characterize the fair option premium as
a limit of a sequence of classical solutions to the associated Hamilton-Jacobi-Bellman
equations with a classical Dirichlet boundary condition in the case of a diffusion market
model.

Key words: capital guaranteed fund, stochastic exit time control, fair option premium,
dynamic programming principle

1. Introduction

There are a considerable number of capital guaranteed funds in a financial mar-
ket. One of them is a unit-type closed-end investment fund with a guarantee of
refunding at least a set percentage of a principal at a redemption date. Such
guarantee can be regarded as an option which is written on the investment fund
and gives its holder the right to receive the difference between the set percent-
age of the principal and the value of the investment fund when the value of
the investment fund is less than the set percentage of the principal (see Exam-
ple 2.1). However the study of such options has been strangely neglected by

* I would like to express my gratitude to the anonymous referee for valuable com-
ments and suggestions on this paper.



2 T. Adachi

students in the field of the mathematical finance to the best of my knowledge.
In this study, therefore, we investigate the options on the unit-type closed-end
investment fund in the framework of the mathematical finance.

The feature that differentiates the options on the investment fund from
the typical contingent claims is that a price fluctuation of the underlying as-
set (= the investment fund) depends on a trading strategy of an option writer
(= a fund manager). This feature gives rise to the stochastic control problem
and we will show that a fair price of the option on the investment fund is given
by the value function of the associated stochastic control problem. Another op-
tion that the price fluctuation of the underlying asset depends on an action of
the parties (= the option writer and/or holder) concerned about an option trad-
ing is the passport option which has been studied by Ahn et al. [2], Delbaen
and Yor [7], Henderson [11], Henderson and Hobson [12], Hyer et al. [13],
Nagayama [21], Shreve and Vecef [22] and the author {1]. For the case that the
option holder does not have the right to redeem before maturity, we can directly
apply their methods for analyzing the passport option to making an estimate of
the fair price of the option on the investment fund. In particular, in §4.2 we will
use the methods of Shreve and Vedef [22] to obtain an explicit form of the fair
option premium in the case of a constant volatility.

We also treat the case that the option holder has the right to redeem be-
fore maturity. In this study, a criterion of an option holder’s decision to redeem
before maturity is set up at a purchase date of the option, and we define a re-
demption date as an exit time of the value process of the investment fund from
some region (see (2.6)). Then we will be in need of the Dynamic Program-
ming Principle (DPP, for short) for the stochastic exit time control problem
to determine the fair option premium. In our model, although both a drift co-
efficient and diffusion coefficient of a controlled process depend on a control
which takes value in an unbounded set, each of them is linearly dependent
on the control. Therefore, under some conditions (see Assumption 3.1), we
can adapt the arguments in §5.6 of Karatzas and Shreve [17] to our stochastic
control problem in order to obtain the DPP. We will establish the DPP in §5.
(We remark that we can not directly utilize the existent results for the DPP in
Borkar [5] and Lions [19], because Borkar [5] was studied for only the case
where the diffusion coefficient was independent of the control and it is difficult
to check that the standing assumption of Lions {19, (A.2)] is satisfied with the
exception of several examples.) In the dynamic programming approach to the
stochastic control problem, one of most important aspects is to approximate
the value function by classical solutions of the associated Hamilton-Jacobi-
Bellman (HIB, for short) equations. In §4.3 we also study our control problem
in this line.

This paper is organized as follows. In the next section, we specify the mar-
ket model and the options on the investment fund. The main result is given in
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§3. §4.2 and §4.3 present the probabilistic approach and the partial differential
equational approach to the estimates of the fair option premium, respectively.
The proofs of these claims are given in §5.

2. Option on investment fund

2.1 Market

Let us deal with the following model for a frictionless financial market where
N + 1 assets are traded continuously up to some fixed time horizon T'. One of
them is non-risky and has a price Fy(t) = exp(fot r(s) ds), 0<t<T The
remaining NV assets are risky; their price processes {13z )} 1<;<n are modelled
by the linear stochastic differential equations

dP;(t)
(t)

= ui(tydt +o;(t)TdB(t), 0<t<T, PFi(0)=p;>0,

o

and their dividend rates are given by non-negative processes {cﬁ-(-)}1 <i<n”

Here T denotes the transpose operation and B(:) = (B1(-),. LBN()T
is a standard N-dimensional Brownian motion on a complete probablhty
space (12, F,P), endowed with a filtration F = = {Fi}o<t<r Which is the
@-augmentatlon of the filtration generated by the Brownian motion B. We
assume that the risk-free rate process 7(), the dividend rate process () ==
(di(),.. .,EN(~))T, the mean earning rate process p(-) := (u1(- ), O
and the RN ® R -valued volatility process o(-) := (01(),...,on(-)) are
F-progressively measurable and satisfy the mild condition

/ [IT |+Z{d () + ()] + |os ()} |dt < o0 a.s.

i=1

We shall denote by P the set of all R¥-valued F-progressively measurable

processes p(-) such that fo lo(t)p(t)|?dt < oo a.s.
Furthermore we assume that the market is standard and complete.! Then
o(t,w) is non-singular for a.e. (t,w) € [0,T] x 2, the process Oy(-) :=

o ()" (u(-) +d(-) = r(-)1x) satisfies fOT |60(s)|2ds < oo a.s., and the process

Zo(t) = exp[— /Otﬁo(s)Tdé(s)— %/Ot |90(s)|2ds], 0<t<T,

! For the definition of the standard and complete market, we can refer to Chapter 1 in
Karatzas and Shreve [17].
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isa (P, IF) -martingale, where 1 := (1,...,1)T € R". Thanks to Girsanov’s
theorem,? therefore, the market has the nsk—neutral equivalent martingale mea-
sure P defined by P(A) = [, Zo(T,w)P P(dw), A € Fr, and B(t) :
E(t) + fg 6o(s) ds,0 <t < T, is a standard N-dimensional Brownian motion
on (£2, Fr,P,F).

Let 7(t) = (m1(t),...,7n(t)) T be the amount of money invested in cor-
responding assets at time t. If we denote by W™ (t) the wealth of a small
investor at time ¢, the self-financed wealth process W (-) obeys the equation

dPy(t) S L dR®)
Zm(t){ t) dt+ =2 B }+{W(t) > Z(t)} X0h @2.1)

1 i=1

0 < t < T, with an initial wealth W(0) = w. And hence, if 7(-) € P, the
discounted self-financed wealth process W™ (-) := W™ (.)/Py(:) is given
by

t T
W™ (t) =w +/0 % dB(s), 0<t<T. 2.2)

Also the discounted price processes { P;(-) := Bi())/ Po(-) }1< < Satisfy
the equations T

dP;(t)
Pi(t)

We set P() = (Po(), Pl('), .. .,PN(-))T.

= —di(t)dt+0;(t)TdB(t), O0<t<T, P(0)=p;>0.

2.2 Investment fund

We consider a unit-type closed-end investment fund. Let X1(¢) be the value
of the investment fund, q(t) = (qi(t),...,qn(t))" be the proportions of
X, (t) invested in corresponding assets, and & (t)X1(t) be the distribution of
gains from investment at time ¢. Then, as in (2.1), the process X 1(-) obeys the
equation

N
o qu{d (8 di + ‘f(f))} + {1 SWE 6(t>}‘§ﬁz°((t§),

Xl(t) i=1 % i=1

0 <t < T, with an initial capital X 1(0) = z > 0. Hence if we denote by D the
class of all F-progressively measurable processes §(-) such that 0 < §(-) < 1

2 See Theorem 3.5.1 of Karatzas and Shreve [16].
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a.e., and if u(-) = (6(-),¢(-)) € D x P, then the discounted value process
XTU(+) = XT"(-)/ Po(") of the investment fund satisfies the equation
dX, (t)
Xi1(t)

and X7"*(+) > 0 a.e. We assume that the fund manager can choose the strategy
u(-) = (6(-), ¢(+)) from among some classtf C D x P.

=—4(t)dt + (o(t)q(t)) "dB(t), 0<t<T, X:1(0)==z, (2.3)

2.3 Option

Let us consider the following options. A financial institation is planning to sell
the investment fund &/ with an option whose holder has the right to receive the
payment

Po(70) f (70, X5 (70), X7 (70), P(70)) at time 9 € [0, 77, 2.4

where f is a nonnegative continuous function on [0, T'] x [0, 00) x (0, 00)N+2
with the properties f(t, -, z1,p) (resp. f(t, zo, -, p)) is non-increasing for each
(t,21,p) € [0, T]x(0,00)N*2 (tesp. (¢, 2o, p) € [0, T]x[0,00)x (0, 00)N*1),

Xg(t) :=/O 8(s) X7 (s)lo(Po(s)) ds,

lo is a nonnegative continuous function on (0,c0), a call date 79 = 737"

before maturity T is
1o == 1inf{t > 0: (XF(t), XT"(t), P(t)) ¢ O} AT,
and O is an open subset of RV 13,

Example 2.1 (Capital Guaranteed Funds). The discounted payoff function
corresponding to the capital guaranteed funds is represented as

F(& Xg (), X7V (2), P(t))

————1 u x1,U
= LB (@ XSO +h(R(H)X] Pt @9

for some constant a > 0 and a positive function {; € C(0,00). In §4 we will
study for the following cases:

(A) In the case lo(-) = 0 and I;(-) = 1 (resp. 11(po) = po), the investment
fund with the option (2.5) guarantees to refund at least 100a% of the real
(resp. nominal) value of the principal z;, since

max{azy, X7 (t)} = XTV%(t) + (az1 — X7V (@) T
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(B) In the case lo(-) = I1(-) = 1 (resp. lo(po) = l1(po) = po), the invest-
ment fund with the option (2.5) guarantees that the sum of the redemp-
tion value and the total distribution of gains from investment is not less
than ax; in real (resp. nominal) terms.

In relation to the examples above, we are interested in the following call date:
To :=inf{t > 0: Y™(t) := X§(t) + L(Po(£)) XTV(t) < bz } AT (2.6)

for 0 < b < a A 1. In §4 we will estimate the fair option premium for such
cases by making use of Hajek’s mean comparison theorem and the standard
theory of the partial differential equations (PDEs, for short).

3. Fair price

Our purpose is to estimate the fair price of the option (2.4). The objective of
the option writer is to find a pair of strategies (7, u) such that

W™ (10) > f (10, X5 (70), X7 (70), P(70)) a.s., 3.D

where w is the amount that the writer receives from the holder at time ¢ = 0.
The inequality (3.1) says that the writer’s wealth starting with the initial
wealth w will have grown by the call date 7y enough to cover the payment
Py(70) f (70, X§(70), X7 (10), P(7o)) which he has to provide the holder
at 7o. We remark that the aim of replicating the option does not conflict with an
obligation to seek to increase the value of investment fund because f(t, -, 1, p)
and f(t, o, -, p) are non-increasing. Therefore the upper hedging price, which
is the least initial amount w that enables the writer to achieve (3.1), is de-
noted by
hup(2,p) = inf{w € Hap(x,p)}

for each (z,p) € (0,00)N+2, where
Im,u) e PxU st }

Hup(z,p) = {w >0|(i)3IBeR st P{IWO™(t) > 6, t€[0,T]} = 1.
(ii) (3.1) is achieved.

On the other hands, the option holder desires to find a portfolio strategy 7,
which is chosen according to a strategy v making up the investment fund, such
that

W™ (1) + f (10, X (70), X{(70), P(10)) 20 as,  (3.2)

where —w is the debt that he incurred at time ¢ = 0 by purchasing the option.
The inequality (3.2) means that if he adopts the strategy 7" then the payment
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Py(10)f (70, X¥(10), X7 (70), P(70)) at the call date 7o make it possible for

him to cover the debt —w. Therefore the lower hedging price, which is the

largest amount w that enables the holder to achieve (3.2), is denoted by
hiow(z,p) = sup{w € Hiow(z,p)}

for each (z,p) € (0,00)N*2, where

Yuel, In*e€P st
Hypp(z,p) = {w >0 | (i) WO (.)isa (P, ]F)-supermartingale.}.
(ii) (3.2) is achieved.

To ensure ., = hioy, We are now in a position to make some conditions.

Assumption 3.1.
(i) Poreachu € U, there exists m > 1 such that

E[ sup f(t,Xm,Xf’“(t),P(t))m} < .
0<t<T

(ii) There exists a sequence { f,,}°2, of CH2([0, T]x [0, 00) x (0, 00) N +2)
such that

T
lm || = fullee =0 and EUO IG"fn(t)ldtJ <o

for each v € U and n > 1, where fo. G f.(t) dt is the finite vari-
ation process in the canonical decomposition of the semimartingale

fn ('v Xg()’ Xf’u(')v P())
Then we have the main result:

Theorem 3.2. Under Assumption 3.1, hy,(z,p) = hiow(z,p) = V(z,p) for
each (z,p) € (0,00)N*2, namely, the fair price of the option (2.4) is given by
V(z,p), where

V(z,p) = uilelglE[f(To,Xg(To),Xf’u(To),Pp(To))]. (3.3)

4. Estimates for Example 2.1

In this section, we confine our attention to the problem of estimating the
fair price of the option (2.5) with the call date (2.6). In order to begin ad-
dressing this problem, we make sure that the process Y*%(.) = X§(-) +
L1 (Po(-)) X7V (+) obeys the equations:
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In the case (A): —dlif(it)) = (=6(t) + I (Po())r(t)) dt + (o(t)q(t))TdB(t),
@.1)
In the case (B): z”l(p—j(i)()t—))(l(_t) = I (Py(t))r(t) dt + (o(t)a(t) T dB(2),
respectively.

4.1 Zero-premium option
To start with, we consider for the case ug = 0 € /. We first see that
V(zy,p)=z(a~ 1%, (z1,p) € (0,00)"+

for the case l1(-) = 1. Indeed, since Y*4%(-) is a (P, F)-supermartingale,
Jensen’s inequality gives

E[(‘“l - Y“’“(Té‘)f] >z(a—- 1)t = E[(axl - Y“’“O(Tg“’))"'}

forallu € .

Further, we suppose that T~} loga < 7(t) a.s. for every t € [0, T). Then,
for the case l;(pg) = po, we obtain V(z;,p) = 0 because Y*1%(T) =
$1P0(T) Z azxr.

Consequently, we have the fact: If 0 € U,0 < a < 1 and the risk-free
rate r(-) is non-negative, then the fair price of the option (2.5) with the call
date (2.6) is equal to zero.

Remark 4.1. The condition 0 € U enables the fund manager to invest all the
funds in risk-less asset. And then he may invest all the funds in risk-less asset
to avoid the advanced redemption, even if he knows that it may be against the
beneficiary’s own interests. For reasons mentioned above, it seems reasonable
to assume that 0 ¢ U. In §4.3, therefore, we will develop the arguments under
the condition 0 ¢ U.

4.2 Constant volatility

Next we consider for the case lo(-) = 0and [;(-) = 1, i.e.,
£ X3, XT (1), P(t)) = (ay — XT4(8) ",
To = inf{t >0: X704(1) < bxl} AT

in the market with a constant volatility matrix o(-) = 0 € RY @ R". We also
assume that



