Michel Serfati

Leibniz and the Invention
of Mathematical Transcendence

Philosophie Studia Leibnitiana — Sonderhefte 53

Franz Steiner Verlag




Leibniz and the Invention of Mathematical Transcendence



studia leibnitiana sonderhefte

Im Auftrage der Gottfried-Wilhelm-Leibniz-Gesellschaft e.V.
herausgegeben von Herbert Breger, Wenchao Li, Heinrich Schepers

und Wilhelm Totok

In Verbindung mit Stefano di Bella, Francois Duchesneau, Michel Fichant,
Emily Grosholz, Nicholas Jolley, Klaus Erich Kaehler, Eberhard Knobloch,
Massimo Mugnai, Pauline Phemister, Hans Poser, Nicholas Rescher

und Catherine Wilson

Band 53



Michel Serfati

Leibniz and the Invention of
Mathematical Transcendence

@ Franz Steiner Verlag



Bibliografische Information der Deutschen Nationalbibliothek:

Die Deutsche Nationalbibliothek verzeichnet diese Publikation in der Deutschen
Nationalbibliografie; detaillierte bibliografische Daten sind im Internet iiber
<http://dnb.d-nb.de> abrufbar.

Dieses Werk einschlief3lich aller seiner Teile ist urheberrechtlich geschiitzt.
Jede Verwertung aulderhalb der engen Grenzen des Urheberrechtsgesetzes
ist unzuléssig und strafbar.

© Franz Steiner Verlag, Stuttgart 2018

Satz: DTP + TEXT Eva Burri, Stuttgart

Druck: Offsetdruck Bokor, Bad T6lz

Gedruckt auf sdurefreiem, alterungsbestdndigem Papier.

Printed in Germany.

ISBN 978-3-515-12082-1 (Print)

ISBN 978-3-515-12083-8 (E-Book)



TABLE OF CONTENTS

LEIBNIZ AND THE INVENTION OF MATHEMATICAL
TRANSCENDENCE. THE ADVENTURES OF AN IMPOSSIBLE

INVENTORY ..ottt X1
The discovery of the transcendence ...........cceceeveerieeciiereenieeeeeee e XIII
Transcendence and SymboliSm ........occoeoeiiiiinieiiiiee e X1
Transcendence and GEOMELIY ......c.cccveeiierieeiieieerie et eee e X1V
Looking fOr an INVENLOTY .......c.ccveriireieieriieiesieeieseeeteie e eieenee e eseeseeens XIv
Symbolical INVENTOTY? ....cooiuiiiiiieieiieeieie et XV
Geometrical INVENTOTY? ......ccvivivieieieeieeie e XVI
On Hierarchies in Transcendence. Explorations by Reproduction ............ XVl
Receptions of the Transcendence ............ccoecvevvverieeiieeniienieeieeneeeee e XVII
FIRST PART. DISCOVERING TRANSCENDENCE
CHAPTER I. ON THE GERMINATIONS OF THE CONCEPT
OF ‘TRANSCENDENCE” ......cctiiiiiiiieiieteietees ettt 3
1673: “A transcendent curve squaring the circle ...” .....ccccoovveiierieeinennen. 3
1674: About ‘SECTet’ SEOMELIY ...ceevvieriieeieieieieieeieeee e see et 4
1675: The letter to Oldenburg ...........cccoeeeieiieiiniieeeeeeee e 4
1678: The “perfection of transcendent calculus” ...........ccccovevererennncnnnn. 5
CHAPTER II. SQUARING THE CIRCLE ......ccoecviiiiiiiiieeeeeeee 7
II-A The Arithmetical Quadrature of the Circle (1673), or the very first
mathematical glory of Leibniz .......ccccccoviiiiiiiiiniiieeeeeee 7
The quadrature of the hyperbola in Mercator ...........cccoceeeveveeverieennnnn. 7
Quadratrices and symbolic SubStitutions: ........c..cccceeeeeneioienenieneaeenne. 8
the mathematical ideas of Le1bniz .........c.ccccceviviniininininciciciciee, 8
Leibniz on “the exact proportion ...”7 .......ccccoeierienieiienieiee e 9
Some reflections on the integration of rational fractions ...................... 10

II-B Leibniz and the impossibility of the analytical quadrature

of the circle Of GreZOTY .....ooviiieiiiiieie e 11
The true quadrature of the circle and hyperbola,
DY JAMES GIEZOTY ...eeueiiiieiieiieieiteie ettt 11
The geometric—harmonic mean of Gregory ..........ccecvevvercveeieeneennenns 13
Leibniz and the “convergence” of adjacent sequences (1676) ............. 14
Leibniz’s “means by composition™ .........ccccererienenienenienenieeeeene 15
A mathematical appendix: the geometric-harmonic mean (G-H) ......... 17



VI Table of Contents

CHAPTER III. THE POWER OF SYMBOLISM: EXPONENTIALS

WITH LETTERS ..ottt 19
II-A Epistola Prior, or Leibniz’s discovery of symbolic forms
without a substance (June 1676) .......ccccovveevveiiiiiieceieeieee e 19
Fractional eXPONnents ..........ccceeceeeiieriieiieeieenie et see e 20
Symbolism without interpretation? ............cecceveeviereiieneeieeeeee s 21
On the consistency (?) of Newton’s exponential ..........cccoeevveevienivennn. 22
‘Permanence-Ramification’. A SCheme ...........cccoceevieieieiieieeieee 23
III-B  The Epistola Posterior (October 1676) .......ccceveiieiiineenieiiienene 24
Irrational EXPONENtS ........ccccovivieiiiiiieiieiieieeceie et 24
Letters in EXPONENtS .......ccoooiiieiiiiieiieieeie e 24
III-C Descartes, Leibniz and the idealized image of the exponential ....... 25
Gradus INAEINTTUS ...ocveeiiiieieie e 25
Descartes and Newton transcended by Leibniz ..........cccccoceeveneniennnn. 26
Conclusion of the First Part: The Transcendent Identified
with the Non-Cartesian Field ...........coccoiiiiiiiiiiiieeeee 27

SECOND PART. THE SEARCH FOR AN INVENTORY

CHAPTER IV. FROM INFINITELY SMALL ELEMENTS
TO THE EXPONENTIAL UTOPIA .....coooieiieieeee e 33
IV-A Tschirnhaus and the inventoriesof 1679—1684 ...........cccccovvevvveennnne. 33
IV-B De Beaune, Descartes, Leibniz, and the infinitely small elements ... 34
When a curve is no longer considered as “a set of points”

(in modern terminoOloOZY) .....cccvveririiieeiieiie et 34
Descartes and De Beaune’s problem ............cccoovvevieniecieniecieneeieee 36
Leibniz and De Beaune’s problem .........c..ccccoeoeiiiieiiiiinieieeeieeee 37

IV-C On exponential SymboliSMS .........cccccvevierieiierierienieieeieeiesieeeenee e 37

IV-C1 On the resolution of the exponential equations.

The “admirable eXample” .........cccoovieiiiiiiieiee e 38
The admirable eXample .........occoeviiieriiiieieee e 39
The impossibility of effective resolutions ...........ccoceveeciereiiencnienee 40

IV-C2 Exponential expressions and the dialectics of indeterminacy —

the status Of the LeHET .......eviviriiiiiiiiici e 41
The symbolism of quantities “arbitrary, but however fixed” ................ 41
When the unknown enters the eXponent ...........coceceveevienierieneeienee 42
Towards letteralized exponentials ............ccecvevvveierieriieeriieniecie e 42

IV-C3 Towards a hierarchy in transcendence: the interscendent

EXPONENLIALS 1..tiiiiiiiitieiiie ettt 43
When the degree of the exponential “falls between” two integers ....... 43
A hierarchy in transcendence? ...........ccoceevevieienieieniee e 43

IV-C4 The exponential Utopia ........ccccceeceeerierieiiiieniienieeieesee e esee e 44

IV-C5 Letteralized exponentials are soluble in the differential calculus ... 45
An exchange of correspondence with Huygens (1690) ..........ccccoeue... 46

The response to Nieuwentijt (1695) .....cccovivirirenenieeieereeee 47



Table of Contents

CHAPTER V. GEOMETRY AND TRANSCENDENCE: THE CURVES .....
V-A The universes of the geometrical discourses of Descartes
ANA LEIDNIZ ..ottt e
Descartes and the ‘geometrical’ CUTVES ........cccevieriieieniiieieeieieeeeene.
Leibniz and the ‘algebraical’ CUIVES .........ccccveveeriieiiieiieeie e
V-B Leibniz’s critique of Descartes’ geometry ‘of the straight line’
and the parameterized CUIVES .......ccvevieeiiieiieeieeee et
Descartes’ practice of the construction of curves, ‘linear, pointwise’ ...
Leibniz and the parameterized Curves ..........c.ccooceveeieneniencnieneeeenne,
V-C Evolutes, envelopes and the generation of transcendent curves . ......
The evolute of an algebraical curve is — usually — a transcendent

Quadratures and evolutes are processes
that are at the same time reciprocal and similar .............cccoeevvevveenennen.
‘On the art of the discovery in general’:
Leibniz and the need for reasoned inventories ........c..ccveveeevevenennnnns
Leibniz and the envelope of a family of curves ..........cccoceviniencnnene.
Variables or constants? Exchanging interpretations ..............c.cceeeeueee.

V-D Transcendent curves and ‘pointwise’ cONStructions ..............ccecueee.e.
The equilibrium position of an inextensible heavy thread ....................
Some elements of hyperbolic trigonomMetry ..........cccccecereeneiieieneenens
TRE CALENATY ...vieviieiieieciieie ettt et seena e
“On the curve formed by a thread ...”7 ...,
The article of 1691 ..ot
The geometric-harmonic construction and the letter to Huygens
OF JULY 1091 oo
The parameter of the figure is a transcendent quantity ............ccceco....
The catenary, starting from the logarithmic ..........ccccoviiiiiiiiennne.
The logarithmic, starting from the catenary .........c.ccocevcevceeicniencnnene.
“The construction of Leibniz is the most geometrical possible ...” .....
To find points “as much as We want?” .........cccccceevvvieviieniencieeceesee e
OF, “any POINE?” .ottt sttt eaea
Among the transcendent curves, the ‘percurrent’ curves are a minima
Descartes and the ‘pointwise’ CONSLIUCIONS ......ccveevvevervieieriierenieennnns
The mathematician as a constructor or as a prescriber? .......................

V-E Percurrence and transcendence, Leibniz and John Bernoulli —

the story of @ misunderstanding ............c.oceeeeierierienenieiese e
The catenary, regarded as an avatar of the strategy of a geometrical
TIVEIEOTY eeutititeteteiiete ettt ettt ettt ettt ettt ettt ettt na et e s e e eneeneenea
Leibniz and Bernoulli — the birth of a misunderstanding .....................
Bernoulli and the percurrent calculus ...........cccoecvveciierieniiieiieieeeeeen,
A middle way between algebraicity and transcendence? ......................
The end of an ambiguity — the ‘hypo-transcendence’
of the eXPONeNtials .........cccoeieiiiiieieiiee e
On a possible hierarchy in Percurrence .........c..cocceeeeeeneereenesieneeeene.

vl

49

49
49
50

51
52
53
54

54

55

56
56
56
59
59
60
61
63
63

63
65
66
67
68
68
68
69
70
71



VIII Table of Contents

V-F Mathematical complements — envelopes and evolutes ......................
Determination of the envelope of a family of curves ........c..ccccoceneeee
Evolutes and iNVOIULES ........ccveveieiiiiiiiriesieceeeeee s
Curves without equations — physical cOnstructions ..........c..cccceeeeevuennen.

CHAPTER VI. QUADRATURES, THE INVERSE METHOD
OF TANGENTS, AND TRANSCENDENCE ......cccccovimiiniiniincinecnenens
Quadratures as a ‘blind’ mode of generating transcendence .............c........
The typology of quadratures in Leibniz .........cccooceeveiiiiininieiinee
The inverse method of tangents ...........ccoccveveeviiierienieeeeeeee e
Curves subject to a condition and differential equations ......................
Arc lengths and rectifications ...........cccceevvverieiiieenierie e
On ‘constants of INtEGTatioN” .........cccevvivierieriieierieiee e

CHAPTER VII. LEIBNIZ AND TRANSCENDENT NUMBERS .................
A value, which ‘is not a unique nUMDbEr’ .........coccoeiiiieiiiieceee e
The number is “homogeneous to the unit” ..........cccocceevvierienienceerieeeeene,
The transcendent NUMDETS N DE OFFU .....oeveeeeeieiieieieeiee e
Transcendent numbers in the Nouveaux ESSQIS ........ccccoueeeenceeeenineenenne.
Transcendent numbers in Initia Rerum Mathematicarum Metaphysica .....
Direct expression of a number and expressions which contain it ..............

THIRD PART. TOWARDS AN “ANALYSIS OF THE TRANSCENDENT”
TNEEOAUCTION .ot eeaeee e

CHAPTER VIII. ON HARMONY IN LEIBNIZ ....ccccoooiiiiiiiieieecieeeen

VII-A Unitas in VarietQre .............ccccceuoeeevoeenociniesieiieeese et
Harmony is all the greater as it is revealed in a greater diversity .........
Harmony and the identity of indiscernibles ...........ccccoevevieiieniniennne.
Harmony in the mathematics of Leibniz .........cccocoeveiiiiniiiiiinee
Symbolism and social cOMMUNICALION .....cvevvervirieriirieiiieiececee e
Harmony via reciprocity, via homogeneity, via symmetry ...................

VIII-B The two triangles and the letter to L’Hospital

0f DecembBEr 1694 .....c.oouiiiiiiiiiiiieecee et

VIII-C Pascal and Leibniz. The first construction of the triangles

(DY @LEMENLS) .ottt ettt
Construction ‘by elements’ of Pascal’s arithmetical triangle ................
Construction ‘by elements’of Leibniz’s harmonic triangle ..................

VIII-D Huygens, Leibniz and the sum of reciprocal triangular

NUMDETS (First Method) ...........cccueevuieeieeiiieieeie e
The problem of HUYZENS ......oovieiiiiiiiiieeeeee e
Leibniz’s first method ........cccooieiiiiiiiiiiie e
The sums of reciprocal figurate NUMDETS .........ccevveeeeeiririniiiriennen
Analysis of Leibniz’s first method .........c.ccoocoeiiiiiiiiiiie
Harmonic ProgreSSiONS ......c..ccveeveereereeeireneeseeeneeesseesseesseesseeenseessnens

VIII-E A mathematical complement: the determination

of the elements of the harmonic triangle ............ccoovvieviiiiieniiieiieeeeeeee,



Table of Contents

CHAPTER IX. FROM THE HARMONIC TRIANGLE
TO THE CALCULUS OF TRANSCENDENTS ...cccccoioiniiniincncineeen,

IX-A The second construction of the triangles (by /ines) .......ccccceevveennee.
The Leibnizian logical pattern ..........ccccovieieiiiienieieneceeeeeeee,
The Leibnizian pattern: presentation and justifications ............c..c........
Proofs of these 1eSULLS ........ooiviririiiiiciciceeee
On convergence. The second method of Leibniz for the reciprocal
rIANGULAT NUMDETS ..oovviiiiiieiieieciteie e
Higher-order differentials .........c.ccccooviiiiiiiiiiiieeeeeee
Descartes and Leibniz, numbers versus functions .............cccceeeeevene..

IX-B The ‘sum of all the differences’, from Leibniz to Lambert

ANA LEDESZUE ...ooeiiieiiieiiieieece et
The ‘sum of all the differences’ in a contemporary environment ........
Lambert, continued fractions, and the ‘sum of all the differences’ ......

IX-C On the harmony of the harmonic triangle ............ccocooveveverenecnnenn.
Leibniz and Mengoli ......cc.evieiiiiieiiiiee et
Leibniz and the harmony of the triangle ..........cccooveivininiiiniinnee.

IX-D From reciprocity to the “New Calculation of the Transcendents”.

The “Considerations (...)” of 1694. The Pattern .........cccceecvevvveecveevunenen.
A new calculation with eight pairwise reciprocal operations ...............
From Descartes to Leibniz, the rational functions .........cccccceevevvivveeen.
Leibniz and the partial fraction expansion of the rational fractions .....
Leibniz and the primitives of the rational fractions ............cccceveeueenee.
‘Ordinary’ Analysis versus ‘New’ Calculation of the Transcendents ..
A truly general calculation ............cccoeieviiiieiiiieieeee e
Transcendent expressions are exactly those that are impossible
£0 EXPIICALE .eouiiieiieiieiiettet et
The advent of the transcendence and the detachment
from geometry as the only guarantee of the truth ..........c..ccccoceninine,
Harmony is restored: transcendence is no longer an obstacle
to the calculation but an opening towards a new mathematics .............
The Leibnizian scheme: a calculation with reciprocity and iterations ..

IX-E Mathematical complements.On the properties of the harmonic

EETANEIE .oiviiiieeieie ettt ettt ettt ettt ettt et et et teesae s e enbeseenaenns

CHAPTER X. TRANSCENDENCE AND IMMANENCE. SOME
TERMINOLOGICAL MARKS BEFORE AND AFTER LEIBNIZ ..............
X-A On Nicholas of Cusa and on the origin of the term ‘transcendent’

I LRIDNIZ oot
X-B Transcendence and immanence. Mathematics and philosophy .........
The use of the word by Leibniz ..........cceeeeeiiiieeniieieeieeeeeeee s
Transcendence: some philosophical definitions ............cccceeeeienennennn.
ON IMIMANECIICE ..envieitiiienieieeiie sttt ettt ettt eae et st e e seeeneeeaeennes
The immanence of the Cartesian algebra, as opposed
to the transcendence of the Leibnizian infinitesimal Calculus .............

IX



X Table of Contents

FOURTH PART. THE RECEPTION OF THE TRANSCENDENCE
INTRODUCTION TO THE FOURTH PART .......ccccociiiiiiiiiiiicecc

CHAPTER XI. THE RECEPTION OF THE TRANSCENDENCE
BY THE CONTEMPORARIES OF LEIBNIZ ......ccccoceiiniiiiiiiiiccceene
XI-A The reception by Tschirnhaus (1678—1682) .......cccceevinieiiniiiennnn
“Transcendentes, Ut VOCAS ...” ...cccocoieiieeieeeeieeeee et
Tschirnhaus and the tangents to an arbitrary transcendent curve .........
XI-B The reception by Craig (1685 and 1693) .......cccoevveviviiieniieieeene
John Craig and the impossibility of the quadrature of the
transcendent fIZUIES .......cveevvierieiiieiie ettt
XI-C The reception by Sturm (1689) ......ccccevevirenierieieieieieeeereseiee
John-Christopher Sturm and the ‘transcendent degree’ .............cc.......
XI-D L’Hospital, differential calculus and transcendent curves ...............
The ‘Analyse des infiniment petits’ (1696) ......cccoeverievenieienieeene
The organization of the bOOK .........cccevviiiiieriiiiiieiece e
L’Hopital and the tangents to the transcendent curves ............cc.co.......
The glory of Leibniz ......ccoeoiiiiiiiiiiiiieeceee e
XI-E John Bernoulli. About the organisation of the transcendent
complexity (1695—1730) ..oouiiieiieie e
Bernoulli, Huygens and Leibniz, between hypotranscendence
and hypertranScendence ...........coceveeriireerienieie et
Bernoulli and the “degrees of transcendence” ...........ccocvevvevciienieennnnn.
On the comparative transcendence orders for the quadratures .............
Only the first order SUDSIStS 72 fif€ ......ccueeeeiiieiiiiieieieeeeee e
Bernoulli and the repetition of the transcendent creation .....................
XI-F On the philosophy of simplicity. Descartes versus Newton .............
The ‘geometrically irrational’ curves in Newton (1687) .......cccccceeueeee.
From Descartes (1637) to Newton (1707) ..cccevoeeiiiiieiieiieeieeeeene
Symbolical simplicity versus geometrical SImplicity .........cccccoceevuennene

CHAPTER XII. THE TRANSCENDENCE BONE OF CONTENTION
BETWEEN HUYGENS AND LEIBNIZ (1690) ....ccociiiiiiiieieieeeeeeeeen
XII-A The CONIOVEISY ..vveeiiuienieeiieiieiieieeteeieeteeieeseenee e e e eneesesseeneeseeens
Leibniz and HUYZENS .....cccovieiiiiiieiieiie et
The controversy of 1690 between Huygens and Leibniz ....................
A lesson on method from Leibniz to Huygens:an equivalence
between power series and exponentials ..........cocceeeveriieeiieniieniieeneennns
HUYZENS” CONVETSION ...ttt ettt ee e eee

THE TRANSCENDENCE, BONE OF CONTENTION BETWEEN

HUYGENS AND LEIBNIZ (1690) ..c.oeverieiiiinieinieineineeneeseesecsieesieaeas
XII-B A mathematical StUdY ........cccoevierieriieieiiiieie et
XII-B1 Huygens’ geometrical problem ...........cccocevieiiininienenienes
XII-B2 The Cartesian equation of Huygens’ curve (H) .........ccceevenee.
XII-B3 The equation of Huygens’ curve (H) in polar coordinates ......



Table of Contents

XII-B4 On calculations of the sub-tangent ............cccccoeevevierieienieennnne.
The “normal vector” method ..........cccooeiiiiiiiiiiinieeee,
The sub-tangent to Huygens’ cubiC CUrve ..........ccooveverinenienieieiennnns
XII-BS5 Leibniz’s ‘supertranscendent’ CUIVE ........ccccecereeeeneeeeenieennnn.
XII-B6 The controversy (fourth and fifth letters) ..........cccocvceneninn
XII-B7 Huygens’ method for the tangents to algebraic curves ............

CHAPTER XIII. TRANSCENDENCE: THE WORD AND
THE CONCEPTS, FROM EULER AND LAMBERT TO HILBERT ............

XII-A Euler and transcendence ............cccooevveieeeieirenienienieneenieeeeeeeneas
Euler and the classification of functions:algebraic or transcendent ......
Euler, algebraic curves and transcendent Curves ............cccocevevveeveenen.
An extensive overview of transcendent functions ............ccccceeeveeueenene.
Euler, algebraic quantities and transcendent quantities .......................
On quantities that are not expressible by radicals ..........ccccoceveririennnens
A hierarchy of transcendent NUMDETS? .........ccocieiiiiiiiiinieienieeee
Transcendent numbers have a very extensive domain .............cc.oee.e.n.
Euler: proofs of irrationality and conjectures of transcendence ...........

XIII-B Lambert and transcendent NUMDETS ........c..cecvevierieniieieninienienne
Introduction to Mémoire: on “proof by simplicity” ........ccoceveviecrnnnnene
Conclusions of Mémoire: a classification of numbers ............cccccceueeee.
On the supremacy of symbolism and issues of ‘transcendent’
LETMINOLOZY vttt ettt ettt ettt ettt et e e

XIII-C Reception of the Encyclopédie (1784—1789) .cvvvvvevveviieiieiene,

XIII-D On the transcendence of numbers: the word and the concepts,

from Legendre to HilDert ........cccooouiiiiiiiiiiiieeeee e
From Legendre to LiOuVille ........cocevieiiieieiiiiiiineeeeeeeee
Hermite and Lindemann: “La transcendance est fille
de Pirrationalite” ........ccccooviiiiiiiiniiieccee e
Hilbert’s “seventh problem”: Euler-Hilbert conjecture ........................

CHAPTER XIV. COMTE AND THE PHILOSOPHY OF THE

TRANSCENDENT ANALYSIS ..ottt
The glorification of the transcendent analysis .........c.ccccovceverervervenennne
On the philosophy of mathematics ...........ccccoocervierieiieniiieeeieeeene,
About equations: formation versus resolution ............cccceeeverveeneenen.
Leibniz, Newton, Lagrange: the trio of interpreters .............ccocevueeneene.
For a reasoned hiStOry ........occeeviiieiiiiieieeee e
Leibniz, the authentic creator of the transcendence. “The loftiest idea
ever yet attained by the human mind” ..........c.ccoooiiiiiniiiiie,
Newton: an effort to rationalize ...........cccceveeveniiiiniiiiniiceeees
Lagrange, and the promotion of “abstraction” ............c.cceceveeieneeennenne.
Differential calculus and geometry in two and three dimensions .........
Differential calculus and integral calculus ..........c.ccocovevineieinnnnne,
On the comparison of the interpretations ............ceeeeeeereeeenesieneeeenne.



XII

Table of Contents

The contributions of D’ Alembert and Lagrange.On partial derivative

CQUALIONS .veiviierieieieeeteeieesieeeteesteesteeteessaeeseesseeesseesseessseenseesseessseeseenns 204
The calculus of variations, and the ‘hypertranscendent’ analysis ......... 205
On the philosophy of the hypertranscendence. Singular and multiple.

Variables and functions ...........ccceceeceviririninenenieceeeeceeeeeeee 207

CHAPTER XV. AFTER LEIBNIZ: SOME MODERN EPISTEMOLOGICAL

ASPECTS OF THE TRANSCENDENCE .....ccoccooiiiiiniiieieieieeeceeseiene 209
On the concepts of Leibniz today .........cccoeeeveieeiiniiieiceeeeeeee e 209
Algebraic functions, transcendent functions. An initial approach ........ 209
Algebraic curves, transcendent curves. Modern definitions ................. 210
On the supremacy of the symbolism (again) ..........ccccceeeeververcieerieennnnn. 211
On the ontology of the plane curves ............ccocceveeveiieienieieeeee 211
Curves implicitly defined ..........ccoooeeiiiiiiiniieen 212
On Huygens’ CUDIC CUTVE ...c.ovvieiieiieiiiieieeiceie et 212
Curves defined parametrically ...........cccoooiiiiiiniiiiiiiieceee e 212
The cycloid as an eXample ..........ccecvverviiiiiieniie e 213
On the dialectic of the duality .........ccccoeeeieiieiiiieeee e 213
Algebraic numbers, transcendent NUMDETS ..........ccceevveevieerierreenreennnnns 214
Leibniz, as the “founder of discursivity” of mathematical
ETANSCENACTICE ...uvieniiiienieitieite ettt ettt ettt se et set e sbeetesbeeneeeeeens 214
REFERENCES
L@IDNIZ ittt 217
DIESCAILES ..ottt ettt 217



LEIBNIZ AND THE INVENTION OF
MATHEMATICAL TRANSCENDENCE.
THE ADVENTURES OF AN IMPOSSIBLE INVENTORY

THE DISCOVERY OF THE TRANSCENDENCE

The invention of the mathematical transcendence in the seventeenth century is with
good reason, linked to the name of Leibniz. He always claimed this creation — pre-
sent in his work since 1673. Also one can only truly completely understand Leibniz
as a mathematician, through the transcendence, and in relation to this, we can say
that in some sense, he embodies it.

Descartes had created a completely new and wide symbolic frame (made of real
polynomials with two variables) in which one considers plane curves. Far from re-
ducing the field (as Hofmann wrongly claims it), this allowed the identification for
the first time, of a certain concept of al/ the curves (i.e., all algebraic curves). Leib-
niz found and initially appreciated the Cartesian frame. But, as we shall see in this
book, he was presented with, during his research, results and conceptualizations,
gradually impossible to express in this context.

Initially, Leibniz qualified them with a vague word, the adjective ‘transcend-
ent’, most probably encountered in Nicholas of Cusa. Yet, he never associated this
terminology to any philosophical — or theological — connotation; the term simply
denoted what surpassed, ‘exceeded’ the Cartesian frame (it is the etymological
meaning of ‘transcend’) without further constructive definition. Because, for Leib-
niz, all was first organized within the frame of the Cartesian mathematics, and in
relation to it. It happened, however — it was in the nature of things — that what ex-
ceeded Descartes would later find some entirely new and diverse mathematical
frames, both on a symbolical level (transcendent expressions and/or functions), a
geometrical level (transcendent curves) and also a numerical level (transcendent
numbers). There was only one term, but actually several concepts, which were not
necessarily directly connected.

TRANSCENDENCE AND SYMBOLISM

On the symbolic level, the introduction by Newton of exponentials with fractional,
then irrational exponents, had performed one of the first breaches in the Cartesian
symbolism. In a symbolic approach that would ‘transcend’ both Descartes and
Newton, Leibniz introduced then exponents with letters — unknown or indetermi-
nate — of sign a*, “exceeding any degree” (as he himself wrote). As we shall see,
Leibniz granted too much hope and dedicated too much energy to them. It was what
we call here the utopia of letteralized exponentials — coextensive with the hope of
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Leibniz to have at his disposal an exhaustive inventory of this transcendent field
that he brought to light.

A second breach in the Cartesian symbolism had been opened by the expressions
of recently discovered functions, such as the logarithm or the exponential, then by
obtaining, following Newton, quadratures via developments in power series (as
\ 1+x). With his — remarkable — arithmetical quadrature of the circle, dated 1673, the
young Leibniz, following Mercator, persevered victoriously in this direction by sup-
plying a procedure — through the sum of an infinite series of rational numbers — in
order to obtain what is today written as 5t/4 (which is a transcendent number).

TRANSCENDENCE AND GEOMETRY

On the geometrical level, the non-Cartesian curves caused a new problem of de-
scription for Leibniz; possibly even more complicated than that of symbolism:
some well-known curves such as the ‘logarithmic’ could admittedly have an equa-
tion, but this one was not ‘Cartesian’ (i. e. it was not algebraic — in the modern
sense). Others, such as the roulette or the spiral (both already rejected by Descartes)
might have had a simple geometrical construction, but had no equation (in the Car-
tesian sense). Some others, such as the catenary or the trochoid, possessed a physi-
cal construction (mechanical, often using a thread), but without being provided
however, with a Cartesian equation.

On the other hand, however, the introduction of the evolutes of plane curves,
invented by Leibniz, following Huygens, allowed him — without significant effort —
to mechanically construct transcendent curves from curves that were not transcend-
ent. As it is detailed in this book, Leibniz was interested in examining closely all
these eventualities. Leibniz was also the first to introduce the term of algebraicity —
only with regards to curves — by forming a natural couple of opposites with tran-
scendence.

LOOKING FOR AN INVENTORY

In this work, we deal at first with Leibniz’s discovery, in the years 1673—1680, of
different aspects of the transcendence that we have just mentioned. A decisive turn-
ing point took place around 1678. Indeed, in a first step, as we have said, Leibniz
had used the term adjectively; he simply wanted to highlight — in diverse situa-
tions — what was not Cartesian. In a second step, however, he was not satisfied with
the simple observation of various, scattered, established facts, but he adopted in his
papers the word ‘transcendence’ in order to indicate, in its entirety, the territory as
new as unknown, of the non-Cartesian entities. If the approach of denomination
was positive, it referred to a negatively defined content.

Since the transcendence was the object of a denomination, it was natural that it
arose for Leibniz (and incidentally, for John Bernoulli) the issue of its content, that
is to say, the extension of the concept — in other words, of an inventory of the trans-
cendent. One can understand to what extent this epistemological issue was nurtured
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by Leibniz’s desire of a reasoned inventory of the non-Cartesian field. He wrote for
example: “A method of invention would be perfect if we could predict, and even
demonstrate, even before entering the subject, what are the ways by which we can
reach its completion”.

This approach was epistemologically natural, namely to inventory the non-
Cartesian field in the same way as Descartes had inventoried the functions and the
curves acceptable — according to his views. Retrospectively, it seems to us very
naive today. This essay of inventory was indeed complicated by its various in-
stances (symbolical, geometrical, numerical). However, above all, it was in fact
made impossible by the completely negative character of the fundamental defini-
tion: is transcendent what is not Cartesian. Just like that of the irrational numbers
(they are defined as non-rational) the absence of a positive definition of transcend-
ent entities would, in reality, make impracticable any inventory. But, initially, Leib-
niz was not convinced of such impossibility. And we detail the — numerous and
vain — attempts of inventory, in the later studies of Leibniz (1680-1690).

Leibniz’s approach towards what he called definitively “the Calculus of Trans-
cendent”, however, became an essential part of the Leibnizian calculus. A very
important article of Breger, dated 1986, ‘Leibniz Einfiihrung of Transzendenten’!,
will be a constant support in this study.

SYMBOLICAL INVENTORY?

In his attempts for a symbolical inventory, Leibniz first wanted to believe that the
letteralized exponentials, of sign a*, exhausted the subject. This is evidenced by
numerous early texts. It was a very natural approach, directly following those of
Descartes and Newton. Much later, his approach was entirely echoed by John Ber-
noulli, with his percurrent calculus. To a quite natural argument in favour of the
exponential, rooted in an analogical symbolism (the ‘primacy’ of the exponential
form), came another argument, significant in Leibniz’s eyes: for him, these letteral-
ized exponentials were soluble in the differential calculus — a point that we also
analyse in detail.

Later, however, Leibniz realized that, so important may have been the creation
of exponentials on the epistemological level, these did not fill all the universe of the
non-Cartesian symbolism. The issue of knowing whether the percurrent calculus
coincided or not with the transcendent calculus came to be therefore, in the fore-
front, between Leibniz and Bernoulli; in other words, whether or not, the a* ex-
hausted all the content of transcendent expressions. This caused a misunderstand-
ing between both scholars that we will also later detail. More incidentally, Leibniz
was also interested in ‘intermediary’ exponentials, of a particular type, which he

called ‘interscendent’, of sign a‘E for example. These expressions were considered
by their creator as ‘less transcendent’ than the previous ones, and this opened the

1 [Breger 1986].
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door to a hierarchy in transcendence, which was pursued by following other ap-
proaches.

None of these considerations could however, be decisive: the new transcendent
symbolism exceeded all these examples and all these instantiations.

Rather surprisingly, the approach of Leibniz found another type of symbolical
completion within the calculus, in an article dated 1694, published in the Journal,
des Savants, Considerations sur la Difference qu’il y a entre [’Analyse Ordinaire et
le Nouveau Calcul des Transcendantes (Considerations on the Difference Between
the Ordinary Analysis and the New Calculus of the Transcendent), a text of a con-
siderable importance, which we also analyse. The quadratures were the geometrical
support, and the sums, the symbolic support. Leibniz’s discovery of a common
structure to both foundational Triangles, the Arithmetical and the Harmonic, despite
the fact that they were structurally opposed, and ultimately because of that very op-
position, this led to the construction in the calculus of a harmony by reciprocity, that
of the two assemblers of signs d and [. For us, modern mathematicians, this did not
(and could not) bring a definitive solution to the issue of the inventory, but, at least,
and this time in a permanent way, symbolically constructed a new calculation
scheme, based on the differential and integral calculus, and in which the harmony —
so dear to Leibniz — was finally restored. In the new Leibnizian calculus, the sum-
mation of an arbitrary expression became from now on possible in all cases, the
result being a transcendent expression.

GEOMETRICAL INVENTORY?

With regards to geometry, Leibniz began a precise analysis of the Cartesian concep-
tion of the ‘geometry of the straight line — in order to criticize it. Remember that
Descartes had decided to upset the Pappus’ classification by completely recon-
structing a typology governed by a new conceptualization, through the production
of a pair of opposed concepts, specifically Cartesian: geometrical curves versus
mechanical curves. In a natural way, Leibniz’s criticism focused on the mode of
production by Descartes of his geometrical curves. The latter indeed considered, for
every y fixed, the solutions with respect to x of an equation of type:

ay () X"+, () a1 A (0) X ta, () =0 (5 F (x,9)

where each a; is a real polynomial (F is thus a real polynomial with two variables).
This is a very particular conception, insufficiently analysed by commentators, in my
opinion. However, as we explained it above, a large number of curves, commonly
encountered at that time, escaped from the Cartesian analysis: first the curves that
are now said parameterized, to which Leibniz delivered a short and brilliant study
in the Specimen Geometrice Luciferce ... But his two most original contributions to
the Cartesian criticism were dedicated, on one hand to the evolutes, on the other
hand to what he called the ‘pointwise’ constructions of the transcendent curves.
Regarding the first aspect, Leibniz noticed that the evolute of an algebraic curve
is generally a transcendent curve. Therefore, he discovered a remarkable mathemat-
ical situation, because it is at the same time similar and reciprocal to that of quadra-
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tures: starting from algebraic curves, the new operation — the passage from one
curve to its evolute — allows to construct, in a rather systematic way, transcendent
curves, as does the squaring — the significant difference is that squaring lies in the
field of sums, while the development falls within differentiation; that is to say, the
two fundamental reciprocal operations invented by Leibniz.

The second aspect is perhaps less well known. In the early 1690s, Leibniz was
interested in a category of transcendent curves that could be ‘constructed’, he said,
by means of the ordinary geometry. The paradigm here was the catenary, namely a
model of a transcendent curve to which we dedicate below a detailed study in the
perspectives of Leibniz. Admittedly, the ‘pointwise’ construction of this one is
made by means of the ordinary geometry, provided, however, one adds the addi-
tional required knowledge of a numerical quantity, namely the transcendent num-
ber e. Leibniz was quite aware of this. For him, knowing the value of ¢, was neces-
sary and sufficient to construct the exponential curve, and thereby, in a second step,
the catenary. It is thus this quantity, that Leibniz supposes immediately to be trans-
cendent, which is the key according to him, and what he calls the ‘construction of
as many points as we want’ of both curves by ordinary geometrical means.

On my part, [ wanted to highlight the ontological difference, fundamental in my
view, between these two statements: on one hand, ‘points, as much as we want’ and,
on the other hand, ‘an arbitrary point’. We already mentioned in this regard that
Descartes rejected the quadratrix in the ‘mechanical’ curves, because it was not
amenable to the construction of an arbitrary point of it.

I have therefore summarized the contributions of Leibniz in his search for sym-
bolical inventories, as well as geometrical, and for transcendent expressions, as
well as for transcendent curves. In this book, I also examine Leibniz’s contributions
to an adequate conceptualization of the transcendent numbers. However, one has to
ascertain that they were hardly fruitful.

ON HIERARCHIES IN TRANSCENDENCE.
EXPLORATIONS BY REPRODUCTION

In the absence of an exhaustive inventory — bringing it to light appeared vainer day
after day — geometers such as Leibniz and John Bernoulli dedicated themselves to
a systematic and reasoned exploration, however this concerned only a part of the
unknown corpus.

We have already noted above an instance concerning interscendent expres-
sions. Another type of approach — more general and epistemologically significant —
was to reproduce, by repeating it, a procedure to engender transcendent entities,
which were considered more and more complex.

Trying to encompass the complexity of the unknown, through the organization
of degrees in this complexity, is indeed a natural epistemological approach. If a
procedure A is known to engender a transcendent A(x) from an entity x (which is
itself transcendent or algebraic), then, by applying A to A(x), we produce a new
transcendent A(A(x)) — it is a new entity that one will be tempted to consider as
falling within a second order of transcendence; by organizing so an embryonic hier-
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archical scheme. One can observe the process on the geometrical level in Leibniz,
with the successive evolutes: the evolute of an algebraic curve is (generally) trans-
cendent; the evolute of the evolute is then a transcendent curve of second order, etc.
We shall widely comment on these practices.

The approach was also dear to John Bernoulli, this time in the symbolic regis-
ter. He implemented it in 1697, within the frame of his degrees of percurrence:
since the production of the letteralized exponential a* generates transcendent, then,
for him, the repetition of the same procedure, which gives a¥, will spontaneously
generate transcendent of order two, etc. Later, he attempts to resume the approach,
still in the symbolic register; this time, he organizes degrees of transcendence
through successive quadratures: the quadratrix A(x) of an algebraic function x is
(usually) a transcendent function. Under these conditions, the quadratrix A(A(x))
produces a transcendent of second order, etc.

RECEPTIONS OF THE TRANSCENDENCE

Introduced by Leibniz, the terminology of the transcendence was resumed by many
of his correspondents, and by some influential mathematicians of the time, with the
notable exception of Newton. The extreme diversity of protagonists’ reactions how-
ever, reflects some embarrassment towards the strength and originality of Leibniz’s
developments; this perplexity was accompanying some hesitations by Leibniz him-
self regarding the exact, positive extension, of a concept negatively defined. In
particular, we fully analyse an instructive controversy between Leibniz and Huy-
gens — the latter even initially refused to accept the concept of transcendence.

Next, we continue the analysis of the reception of transcendence during the
eighteenth and nineteenth centuries, both regarding the term and the concept, from
Newton to Euler, Lambert, Liouville, and Hilbert. Note that Euler was the first who,
in the eighteenth century, fully introduced the Leibnizian vocabulary of transcend-
ence to the mathematical community, through his definitions for functions and
curves; he pertinently analysed both aspects. On the other hand, his consideration
of transcendent numbers was widely insufficient. Approximately at the same pe-
riod, Lambert would give their first modern definition: an algebraic number is a
root of an algebraic equation with integer coefficients; is transcendent a number
which is not algebraic. We analyse in detail the reasons why Lambert’s definition
was symbolically superior to Euler’s, and thus why it is the only one that has sur-
vived.

I also underlined that, if the modern concept did exist with Lambert — he was
only interested in numbers — he did not always clearly use the term with this mean-
ing. To refer to the modern concept he had uncovered, Lambert first used ‘nombre
au hasard’ (number ‘at random’) and, concurrently, ‘transcendent quantity’ — but in
fluctuating meanings.

As for numbers, the story of the crossed reception of the term and the concept
of transcendence then presented very curious aspects. After Lambert and up till
Hilbert, mathematicians would use, instead of ‘transcendent number’, the periphra-
sis ‘number that is not reducible to algebraic irrationals’. It was only in 1900, in
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Hilbert’s works, that one could find the full coincidence of the term and the con-
cept — for the numbers. Let us also note that, in the mid-nineteenth century (1844—
1851), Liouville gave the first demonstration of the existence of transcendent num-
bers.

In the last part of the book, while studying diverse receptions of Leibniz’s work,
I dedicated a chapter to Auguste Comte, and to his philosophy of what he calls ‘the
transcendent analysis’. For Comte, there exists an objective scientific content,
namely the transcendent analysis, which nevertheless received in history various
successive subjective interpretations, mainly three in number, from Leibniz, New-
ton, and Lagrange. Next, Comte provides a reasoned history of ‘the successive
formation of the transcendent analysis’, by examining the contributions of these
three interpreters. As such, Leibniz is for him the genuine creator of the transcen-
dence; but Comte expresses many reservations regarding the rigor of his process of
creation. For him, Newton’s conception was certainly more rigorous, however, not
free from serious ontological weaknesses. As for Lagrange’s approach, in which
Comte sees ‘the future’ of the transcendence, he locates it in the necessary promo-
tion of the ‘abstraction’ in mathematics — this point is essential for him. He rightly
recognizes this aspect in Lagrange’s conceptions. But if he insists on this point, he
will nevertheless express other reservations on these — they are this time considered
too abstract.

In a final chapter, I practiced a — very short — overview of the continuation of
the story, namely the modern impacts of Leibniz’s definitions of the couple of op-
posites: ‘algebraic/transcendent’. At first, one must highlight this obvious fact:
whether about numbers, functions or curves, the distinction is each time performed
by characterizing algebraic objects. Transcendent objects are merely non-algebraic
objects. Let me repeat: there is no positive property for characterizing the trans-
cendent functions, namely no definition for themselves. Epistemologically speak-
ing, the difficulty is thus obviously the same for demonstrating the irrationality or
the transcendence; it is deep-rooted in the lack of definition of the object per se.

This rather exceptional situation in mathematics, has led, both for irrationality
and transcendence, to use compelled proof methods, which are specific to these two
domains, and to which the mathematician is absolutely forced.
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CHAPTER I
ON THE GERMINATIONS OF THE CONCEPT
OF ‘TRANSCENDENCE’

The first occurrences, in Leibniz, of the term ‘transcendent’ are observed very early,
during his stay in Paris. In Probst’s works, “transcendent Curves” [Probst 2008a]
(p. XXIX), and “algebraic and transcendent Curves” [Probst 2012] (p. XXXI), one
finds numerous examples of early occurrences of this term. I examine here three of
them: the first two, dated autumn 1673 and December 1674, the third one inside the
first draft (they were two) of a letter to Oldenburg, sent on March 30th, 1675. How-
ever, the term does not appear any longer in the letter itself.

1673: “ATRANSCENDENT CURVE SQUARING THE CIRCLE ...”

In December 1673, in Progressio figurae segmentorum circuli aut ei sygnotae
(AVIL, 3 N. 23, p. 266, 1. 22), one finds probably one of the very first occurrences of
the transcendent terminology. Leibniz dedicates himself first, (p. 266), to calculate
f(y) — f(y+1) for various values of f (the method is grounded on “the sum of all dif-
ferences”; see below, Chap. IX). Finally, he chooses f(y) = a’/(a?>+y?), and aligns
the results. He then explains that these results serve to solve the quadrature of the
circle, and to various general quadratures.

The text then displays two (mutually unconnected) occurrences of the word
‘transcendent’. First, there is an obscure reference to sequences of integers which
are not geometrical, that is to say, the ratio of two of their consecutive terms is not
constant (as itisin 1, 2, 4, 8, 16, 32, etc.) but (indefinitely) increasing, as in 1, 2, 6,
24, 120, etc. Regarding this sequence, Leibniz says, “its dimension is transcend-
ent”:

Inquirendum aliquando in naturas figurarum continue variantium, quae scilicet non sunt certae

dimensionis sed transcendentes, ut: 1: 2: 6: 24: 120: huiusmodi figurae.”

We find in this extract the first occurrence (without future occurrences) of a term
deprived of any precise definition, where the word ‘transcendent’ is simply equiva-
lent to ‘exceeding’.

The term appears later in the text, in one of the very first of Leibniz’s attempts
to examine different methods of quadratures. For the young Leibniz, any quadrature
was obtained via a quadratrix curve. This is indeed the pattern he established for
squaring the circle (see below, Chap. II). As Leibniz writes (p. 267):

“I see that this is similar, or is of the same nature as a transcendent curve squaring the circle
and the hyperbola; and nobody has considered such curves in geometry, which it is necessary, if
they are quadratrix, to describe by the continuous movement of some flexible cables. And they
even can be said geometrical, although they are not liable to equations.”
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Let us note the emphasis on physical curves, which will have various extensions in
Leibniz. This was the very first germ of the concept.

1674: ABOUT ‘SECRET’ GEOMETRY

Our second early text, dated December 1674, is devoted to the “secret” (arcana) ge-
ometry: De progressionibus et geometria arcana et methodo tangentium inversa
(AVIL, 3. N 39, p. 571, 1. 6). The context is the research of curves given by a condition
on their tangents (in other words, the inverse method of tangents), which is known to
lead to a differential equation. The latter thus requires, in fine, a calculation of primi-
tive curves of the equation, for which Leibniz first proposes a method where the
quadrature leads to an algebraic result, and then judiciously expresses a reservation:

If no analytical curve happens to succeed, the question would be to look if it is not possible
to find a transcendent geometrical curve, as one of the kind of trochoids, evolutes, or helices.

This time, it is thus a question of a “transcendent curve”, although it remains in a
vague sense! Certainly, these curves are “mechanical” in Descartes’ sense, but
Leibniz does not even remark upon this. We then arrive to a text from January 1675,
the importance of which is rightly underlined by Breger: Leibniz indeed begins to
see the possibility of a more general concept of transcendence, but the word does
not appear there. Breger writes':

One year later, Leibniz conceives an extension of the class of the curves, which are authorized
in geometry. In an essay on quadrable curves, from January 16752, Leibniz defines such curves
as analytical ones, for which the relation between ordinate and abscissa can be expressed by
an equation. As what he calls “equation” is naturally an “algebraic equation”, the analytical
curves are thus algebraic curves (...); this essay, dated January 1675, is interesting because it
deals with the question after the integration of the transcendent in geometry, while the word
‘transcendent’ itself never appears.

1675: THE LETTER TO OLDENBURG

The next main step takes place just three months after the previous essay, with the
draft of the above letter to Oldenburg of March 30th, 1675 (A III, 1 N. 46, p. 201).
This text is important, even if — let us repeat — it was not sent to the receiver. Leib-
niz — dealing with transcendent quantities — writes (p. 203, 1.16) with the above-
mentioned aim to establish an exhaustive classification of all kinds of quadratures:

Analytical quadratures contain arithmetical quadratures, namely those by which the values of
given magnitudes can be shown by means of either a certain number, rational or irrational, or
even as a root of a certain equation, or even, of course, via some expression of the kind I used
to call transcendent, when one demonstrates that it is impossible to find simpler ones.

1 [Breger 1986], 122.
2 ‘De Figuris Analyticis Figurae Analyticae Quadratricis Capacibus’ = ‘On Analytical Figures
apt to be Quadratrices of Analytical Figures’, AVIL, 5, N.13, p. 99.



